Recent studies of new, fuel-efficient transport aircraft have considered designs, which make use of two principal lifting surfaces to provide the required lift as well as trim and static stability. Such designs include open tandem-wings as well as closed joined and box-wings. As a group, these aircraft can be termed dual-wing designs. This study developed a new analytic model, which takes into account the downwash from the two main wings and is sensitive to three important design variables: the relative areas of each wing, the streamwise separation of the wings, and the center of gravity position. This model was used to better understand trends in the dual-wing geometry on the stability, maneuverability, and lift-to-drag ratio of the aircraft. Dual-wing aircraft have been shown to have reduced the induced drag compared to the conventional designs. In addition, further drag reductions can be realized as the horizontal tail can be removed if the dual-wings have sufficient streamwise stagger to provide the moments necessary for trim and longitudinal stability. As both wings in a dual-wing system carry a significant fraction of the total lift, trends in such designs that led to longitudinal stability can differ from those of the conventional aircraft and have not been the subject of detailed investigation. Results from the analytic model showed that the longitudinal stability required either a reduction of the fore wing area or shifting the center of gravity forward from the midpoint of both wings' aerodynamic centers. In addition, for wing configurations of approximately equal fore and aft wing areas, increasing the separation between the two wings decreased the stability of the aircraft. The source of this unusual behavior was the asymmetric distribution of downwash upstream and downstream of the wing. These relationships between dual-wing geometry and stability will provide initial guidance on the conceptual design of dual-wing aircraft and aid in the understanding of the results of more complex studies of such designs, furthering the development of future transport aircraft.
Introduction
The desire for more fuel-efficient transport aircraft has led to the consideration of designs, which replace the wing and horizontal stabilizer with a lifting system consisting of two wings, similar in area, with significant streamwise spacing. [1] [2] [3] [4] [5] [6] [7] [8] This lifting system must provide both the lift required to keep the aircraft aloft throughout its mission as well as provide the aerodynamic moments necessary for trim and stability. When the two main wings are not connected at their tips, the configuration can be referred to as an open tandem-wing. When the wing tips are connected, as in a joined or box-wing design, the wing becomes a closed lifting system. Tandem-wing aircraft configurations have been the subject of several studies where they have been shown to enjoy advantages over the conventional designs in terms of the induced drag. These advantage has been demonstrated both analytically 9 and experimentally 10 where tandem-wings were found to have an overall drag advantage across the range of operational lift coefficients. An early investigation into the stability of tandem-wing designs focused on a small general aviation aircraft, the Pou-de-Ciel, which had several fatal accidents on landing. In order for the aircraft to be longitudinally stable, the aircraft's center of gravity had to be located significantly forward of the midpoint between the aerodynamic centers of the two wings. This forward shift precluded the aircraft from operating at its highest attainable lift-to-drag ratio. 11, 12 This indicated that the requirement for static stability of tandem-wings was in conflict with the desire for high lift-to-drag ratio.
When compared to open dual-wing designs, closed configurations differ in one key aspect: the distribution of circulation does not decrease to zero at the wing tip but rather can maintain some finite value due to the presence of a wing segment connecting the fore and aft wings. 13 This leads to a reduced induced drag compared to tandem-wing designs as the magnitude of the inboard circulation can be reduced as the outboard segments of the wing can generate more lift. The induced drag of a box-wing is also less sensitive to the distribution of lift between wings as, unlike open dual-wing designs, the fore-aft circulation distribution of the wings can vary without changing the magnitude of the induced drag. [14] [15] [16] The difference in induced drag between open and closed wing designs can be quantified by examining the span efficiency of each wing system. Compared to a conventional aircraft with a span efficiency of 1.00, the span efficiency of open and closed dual-wings is 1.36 and 1.46, respectively. 16 The stability of the wing system is driven by the downwash caused by the wings, which is more strongly dependent on the magnitude of the lift carried on each wing rather than the system's span efficiency. Compared to the conventional wing-tail designs, this significant load carried on both fore and aft wings in open and closed dualwings make them much more similar to each other with respect to static longitudinal stability. The trends of static stability with respect to dual-wing geometry should be applicable to both open and closed dual-wing configurations.
Many analytic models exist for the static stability and lift-to-drag ratio of the conventional wing-tail aircraft configurations. 17, 18 Most conventional designs have a single, large, lifting surface and one or more smaller stabilizing surfaces. In dual-wings, each wing is a major contributor to the overall lift of the aircraft. The effects of the upwash and downwash, i.e., normal wash of both these lifting surfaces cannot be appropriately modeled using existing analytic approaches. Existing models determine the lift on the main wing without considering the downwash of other stabilizing surfaces. When the two lifting surfaces are similar in area, this assumption is no longer appropriate. This leads to a coupled problem where the lift on wing ''A'' creates downwash on wing ''B'', which leads to a decreased upwash from wing ''B'', which in turn changes the lift and downwash of wing ''A''. This coupling is experienced, to a lesser degree, in canard aircraft, and there have been several analytic models which are capable of modeling this behavior directly. 19, 20 However, their formulation is complex and obscures the parameters driving the stability of the configurations. The present paper makes use of a simpler downwash model to help illustrate what aspects of a dual-wing design lead to acceptable stability properties.
Closed dual-wing aircraft such as box-wings have been proposed as possible next-generation transport aircraft. 8 Previous investigations into the design of box-wing and joined-wing aircraft have focused on how the wing geometry affects the aerodynamic performance of the design 8, 21 as well as the weight of the wing structure. 2, 6, [22] [23] [24] Other studies have considered the static stability of a box-wing design 25, 26 but examined single-point designs rather than trends with respect to changes in box-wing geometry. Earlier studies considered how changes to the geometry affected the stability of the aircraft. 7, [27] [28] [29] However, they did not show a clear relationship between major design variables such as fore-to-aft wing area allocation and static stability. They also did not provide a physical explanation for the observed trends. The analytic model presented in this paper relates the requirements of static stability to three important design variables: wing area allocation, wing stagger, and center of gravity location. This model also captures the coupling between the downwash of both wings. This model was used to identify dual-wing geometries, which achieved both a high lift-to-drag ratio as well as both trim and static longitudinal stability. Such guidelines are valuable both during the conceptual design of unconventional aircraft configurations as well as during the analysis of the results from design studies where there is a complex simulation between the design variables and the aircraft performance outputs.
In the following section, an analytic model to determine the stability and trim of a dual-wing configuration will be developed. This model will be used in a parametric study of trimmed performance of dual-wing configurations and will investigate the conditions necessary for inherent static longitudinal stability. These findings provide some guidelines of how dual-wing systems should be designed for longitudinal stability.
Methodology

Aircraft model
Dual-wing geometry. The geometry of the dual-wing configuration is shown in Figure 1 . All the aircraft geometries examined in this analysis had the fore and aft wings swept such the quarter chord point of the fore and aft wing-tips had the same streamwise (þx) station. Therefore, the wing sweep was a function of the stagger of the two wings. The wings were neither joined at the tip, as in a joined-wing, nor connected by a vertical lifting surface, as a box-wing. However, by sweeping the wing-tips in such a way, the planform shape of the dual-wing configurations was similar to such designs. Both wings had a linear taper ratio of 0.4 in order to allow an approximately elliptical lift distribution. The ratio of the two wings' vertical separation to the semi-span was constant for all conditions at 0.25. Wolkovitch noted that changing the vertical separation of a joined-wing design can affect the stability of the design by reducing the strength of the downwash generated by each wing on the other. 27 However, increased vertical separation reduced the induced drag of both dual and box-wing designs 13 so that the separation should be maintained as large as possible to achieve a high lift-to-drag ratio. For this reason, the vertical separation was not considered as a variable in this study but kept at a constant value representative of the largest separation, which could be achieved in a typical aircraft design. Since the wings were highly swept, all moment arms were measured from the spanwise and chordwise location of the aerodynamic center of each wing, as shown in Figure 1 .
Reference quantities. Dual-wing aircraft generate significant lift on both the fore and aft wings. Therefore, the reference area of the aircraft is the sum of the areas of both wings. The reference chord of the aircraft was chosen as the sum of the mean aerodynamic chord of the fore and aft wings. This choice of reference chord was larger than the mean aerodynamic chord or a single wing of the same area and aspect ratio. Studies considering the stability of configurations where significant lift is carried on multiple lifting surfaces have used either the sum of the chords 28 or the separation distance between the surfaces 30 as a reference chord for expressing the static margin. The choice of reference chord in this analysis only affects the magnitude of the static margin, where all aerodynamic moments are calculated using the moment coefficient and the associated mean aerodynamic chord for the individual wings.
The reference span of the dual-wing is the projected span of the wing system. In this analysis, fore and aft wings are of equal span for all configurations. The effective aspect ratio for the dual-wing is difficult to quantify; using the reference span and chord leads to an uncharacteristically low value. Therefore, any quantity that is normalized by aspect ratio is calculated separately for each wing using the aspect ratio of that wing.
Longitudinal stability and maneuverability equations. The balance of forces and moments of a dual-wing configurations is given by the following
These quantities depend on the effective angle of attack, defined bŷ
In equation (5), was the aircraft angle of attack, i was the wing's instillation angle relative to the aircraft centerline, e i was the effective increase in incidence due to the elevator deflection, o, i was the effective incidence due to the aerofoil's camber, and j!i was the downwash induced by the other wing.
The term " q represents the chord-normalized pitch rate, 17 defined as
In equations (3) and (4), the lift curve slope of the wing was determined based on the following relationship, 31, 32 which is sensitive to both the sweep of the wing and Mach number
where
These equations can be simplified by introducing several factors, which are used to normalize all forces and moments by the reference quantities for the dualwing. The aft wing dynamic pressure coefficient, , represented the reduction of dynamic pressure on the aft wing due to the momentum loss in the wake of the fore wing. It is included for completeness but for all calculations in this paper, was maintained at unity.
Effector model. The dual-wing was modeled as having independent control surfaces on the fore and aft wing. In this analysis, they were used only to control pitch. The aerodynamic effects of these surfaces were modeled using the approach presented by Phillips, 17 Phillips and Snyder, 18 and others 33 given in the following
Downwash model. Downwash induced by the lifting surface is modeled using a lifting-line-based approach. 17, 18 The model does not make use of any empirical corrections though it assumes steady, inviscid, incompressible flow over the wing
Equation (12) differs somewhat from the formulation given in Phillips, 17 where downwash was treated as two terms, a constant plus a contribution proportional to the angle of attack. In equation (12) , the downwash is proportional to the effective angle of attack alone, the constant term is accounted for by the presence of the constants 0 and in. The values and p were constant for an elliptical wing. The value p was a function of the two wings' relative positions and the coefficient s was dependent on the wing's positions and sweep.
To account for the possibility of the wings having different spans, a third normalizing factor, given by equation (14) was introduced in equation (13) . When a smaller wing induced a downwash on a larger wing, only the fraction of the larger wing in the smaller wing's wake experienced the downwash. When a smaller wing experienced a downwash from a larger wing, the entire wing was affected. The following equation is an approximation of this behavior
In equation (13), the parameters b and were constant for an elliptical wing. The value p was governed by equation (15) , given as equation 4.5.6 in Phillips. 17 The sweep coefficient was calculated based on equation 4.5.12 given in Phillips.
Static longitudinal stability
In order to determine the stability of the configuration, the sensitivities of the lift and moment equations to angle of attack must be calculated. However, taking the derivative of equations (3) and (4) with respect to the true angle of attack, , leads to an infinite series. This is due to the coupling of the wings' downwash, so the downwash strength of wing i will depend on the lift of wing j, which is itself a function of the downwash strength of wing i. To make this problem tractable, this series was truncated after the first term. Using this approach, analytical expressions for the lift curve slope and moment stiffness were determined.
The static longitudinal stability of an aircraft design is often quantified by the static margin, which is defined as follows
Trimmed performance
The trimmed performance of the dual-wing can be determined by combining equations (3) and (4) along with a separate equation for the effective angle of attack (6) and downwash (12) on each wing. This yielded a system of six equations with nine unknowns, expressed in the matrix form in the following
where In equation (21), B vector was structured to solve for a balance of forces and moments. The matrix formulation allowed the lift and moment of each wing to be determined. The drag was determined using the following
The interference drag, C D int , was modeled using Prandtl's biplane theory. 13 The wave drag, C D w i , for each wing was modeled using the Korn equation in 
the manner presented in Gur et al. 34 A technology factor of 0.85 was assumed for all aerofoils, which was representative of the conventional aerofoil section performance. 34 Determining wing installation angles. The system of equations given by equation (21) were underdefined with only six equations available to solve for nine unknowns. Therefore, additional information about how the aircraft was operating was needed to obtain a solution. It was assumed that the aircraft was designed for an operating condition where the aircraft would be trimmed at zero angle of attack with no control inputs. The wing installation angles were determined by solving equation (21) with all effector deflections and the angle of attack set to zero. In equation (25) , A matrix was multiplied by a matrix of 1 s and 0 s to eliminate the columns corresponding to the variables, , 1 , and 2 . The resulting matrix could be inverted to solve the system of equations for the remaining variables Off-design performance. Once the wing installation angles were solved at the design operating conditions, equation (21) could be solved for any other set of conditions by assuming that the installation angles were constant. Since the aircraft had two control surfaces, there was an infinite combination of deflections and angles of attack, which could lead to steady, trimmed flight. A solution could be obtained either by trimming the aircraft at zero angle of attack using both control surfaces or by trimming the aircraft at a fixed angle of attack and aft wing and using only a single control surface deflection. This problem is also encountered in three-lifting-surface aircraft designs. Goodrich et al. 35 presented a method of determining the combination of angle of attack and control surface deflection for minimum drag of such designs. This approach could also be applied to the dual-wing control problem. However, the focus of the present analysis is on the stability of the design and so subsequent analysis ignores the effects of the fore wing effector. In equation (26), a new matrix of 1 s and 0 s was used to eliminate the columns in A matrix corresponding to 1 , 2 , and 1 . The effect of the known installation angles on the balance of forces and moments was accounted for by removing their constant effects from B vector. 
Results
Model validation
The analytic model developed in the preceding section was validated through comparison to expressions derived by Phillips 17 for conventional and canard aircraft. Though both models use the same downwash model, their formulation for determining the aircraft trim and stability are entirely different. Figure 2 shows the angle of attack and elevator deflection required for trimmed steady flight at a range of cruise speeds. In all three figures, the installation angles for the wing and stabilizing surface were determined at 104.3 knots EAS (193.2 km/h). Information on the wing geometry, aerofoil properties, control surface effectiveness, and center of gravity location were all taken from Phillips. 17 In analyzing both the conventional and canard aircraft, the installation angles were determined using equation (25) and these angles were used to solve the elevator deflection and angle of attack for all other speeds using equation (26) . These results were compared with equations from Phillips, 17 which were linear functions of the weight coefficient that varied quadratically with airspeed.
The static margin calculated for each aircraft is given in Table 1 and the angle of attack and elevator deflection required for trim for each configuration is shown in Figure 2 . In a conventional configuration, the upwash of the aft tail on the main wing is negligible as the upwash strength decays to zero as the stagger between the wings increases. For this reason, the variation of angle of attack and elevator deflection from Phillips, 17 which only considered the downwash of the main wing on the tail, agree almost exactly with those of the present model where the downwash of both wings was considered. In addition, the static margin is predicted within 2%. The canard aircraft, in contrast, was strongly influenced by the effect of the downwash of the control surface on the main wing, which was not modeled by Phillips. This was due to the effects of the downwash of the canard decaying to a finite value with increased wing stagger. Therefore, even though the canard was small and well forward of the main wing, its downwash had a significant effect on the stability of the system. This effect led to an unstable aircraft with a negative static margin when the center of gravity was placed in the location given in Phillips 17 for a positive 5% static margin. Due to the different static margin, both the magnitude and trend of elevator deflections were entirely different between both models. Figure 2(c) shows the results when the center of gravity is moved forward to account for the loss of lift on the stabilizing main wing due to the downwash of the canard. This design obtains the 5% desired static margin and the control surface deflections of both models are in good agreement. These results show that the present model agrees well with that of Phillips in cases where the underlying assumptions of this model are met, namely negligible effect of stabilizing surface downwash. In canard configurations, where this assumption is less valid, the present model does not agree. However, the results of Figure 2 (c) show that if this configuration is adjusted to account for the control surface downwash, then the present model agrees well with Phillips for the elevator deflection required to trim. These validation cases give confidence that this model reflects the trim and stability behavior of conventional and unconventional aircraft configurations and can be used to investigate dual-wing configurations.
Parametric study of trimmed performance
In order to better understand the sensitivities of a dual-wing configuration to changes in key geometric properties, a parametric study was undertaken with three variables of interest: the relative area of the fore wing, the stagger of the fore and aft wings and the center of gravity offset. More details on how these parameters were defined are given in Table 2 . These three variables were seen to have the strongest influence on the stability and performance of dual-wing designs. The ranges of these variables were chosen to highlight the most significant trends in the design of a dual-wing aircraft. The center of gravity ranges was shown so that the results for all three area ratios would contain both stable and unstable designs. The upper and lower bounds on the stagger were chosen as the limits where the wings could be attached to the fuselage of the reference aircraft. The range of area ratios chosen for this study highlighted the important trends in the design of dual-wing aircraft. The trends observed in the parametric study persisted when the area ratio was moved outside these bounds. Examples of four different combinations of these geometric parameters are shown in Figure 3 .
The sweep of the wings was dependent on their stagger since the quarter chord point of both wing tips were constrained to be located at the same streamwise station. The wing stagger was measured between the aerodynamic center of the wings at the wing-root rather than at the spanwise location of the mean aerodynamic chord, which was used as the stagger for all aerodynamic calculations. This definition of stagger was independent of varying areas and sweeps of the wings and allowed a clearer presentation of the results. In addition, the center of gravity offset was normalized by the semi-span of the wing as this remained invariant for the analysis. Due to the sign convention in Figure 1 , positive values of offset represent an aft shift of the center of gravity. The performance of the aircraft was assessed based on four criteria: an acceptable static margin at cruise conditions, high lift-to-drag ratio at cruise, ability to perform a 2.5 g maneuver without stalling and maintaining a 2.5 g maneuver with less than 5 of elevator deflection.
This analysis is based on a reference regional-jet aircraft. The properties of this aircraft are given in Table 3 and are representative of the Bombardier CRJ-200 aircraft. A regional jet aircraft was chosen as previous studies 5, 24 showed that configurations with low induced drag characteristics such as tandem-and box-wings are well suited to this mission as regional jets spend a significant fraction of their mission in high lift phases of flight such as climb and descent. The projected span of the dual-wing designs was chosen so that each wing would have the same aspect ratio as the reference wing when both fore and aft wings were of equal area.
Both wings were assumed have cambered aerofoil profiles with a constant thickness-to-chord ratio along the span. The properties of this aerofoil were chosen to be similar to that of the NACA 23012 aerofoil. Section properties of this aerofoil are given in Table 4 . The control surface on the aft wing was assumed to cover 25% of the chord and extend along the inner 25% of the aft wing span. The aerodynamic attributes of this elevator were calculated based on data for plain flaps and elevators given in Abbott and von Doenhoff; 33 these values are shown in Table 5 .
The results of the parametric study are shown using a carpet plot. In this plot, the ordinate represents a single dependent variable which is a function of two or more independent variables. The data area plotted as iso-lines represent constant values of one independent variable. Superimposed on these iso-lines are contours of further dependent variables. In this way, The results of the parametric study are shown in Figure 4 . The ordinate of this plot is the static margin of the configuration in percent, with the acceptable limit shown as a hatched line. Contours of lift-todrag ratio, maximum local lift coefficient in maneuver and maneuver elevator deflection are superimposed on this plot. Figure 4 shows several trends of how dual-wing performance varies with changes to the configuration's geometric parameters. With respect to stability, the design with both wings of equal area and the center of gravity located midway between the wing's aerodynamic centers is found to be statically unstable for all wing separations. The degree of instability increases with increasing wing separation. The cause of this unusual behavior will be examined further in the following section. As the relative area of the fore wing is decreased, the configuration becomes more stable with the same center of gravity position. An earlier investigation of joined-wings corroborated this finding, that a reduction of fore wing area was required to shift the aerodynamic center of the aircraft aft of the mid-point of the two wings. 28 For all combinations of area-ratio and wing separation, there was a center of gravity offset, which allowed acceptable stability properties. However, these shifts led to penalties with respect to cruise lift-to-drag ratio and maneuvering limits.
The maximum section lift coefficient for the wing's aerofoil profile was 1.2. The wing was assumed to be tapered and elliptically loaded. The wing's taper decreased the local chord along the span, causing the local lift coefficient on the wing to reach a maximum near the wing tip rather than at the root. The local loading at this critical point would exceed the aerofoil section's maximum lift coefficient when the wing's lift coefficient was greater than 0.754. If the taper was increased to unity, the wing would stall locally at the wing-root at a lift coefficient of 0.942. There was a small design space where the aircraft could be made stable and avoid stall during the 2.5 g maneuver. This feasible design space decreased as the fore wing area was reduced to the point that almost all designs with a fore wing area ratio of 0.3 would experience local stalling unless the fore wing's taper was increased. The aft wing elevator deflections required to maintain (but not initiate) the 2.5 g maneuver are also shown in Figure 4 . For all feasible designs, the required deflection was less than 5 , which would leave sufficient deflection to initiate the maneuver. Maneuver control authority did not constrain the dual-wing design.
The relationships presented in the preceding paragraphs applied to both open and closed dual-wing designs. As the induced drag of closed dual-wing designs is less sensitive to the allocation of lift between the wings, the following observations about the lift-todrag ratio of dual-wings apply only to open dual-wing designs. The highest lift-to-drag ratio was achieved by the configuration with wings of equal areas with no c.g. offset; however, this design was inherently unstable. This is the same behavior observed in the full scale tests of the pou du ciel tandem-wing aircraft. 11, 12 Obtaining an acceptable static margin by a forward shift in the center of gravity led to increased loading on the fore wing to obtain trimmed flight at cruise conditions. This increased fore wing loading increased the lift-dependent drag of the aircraft, reducing the lift-to-drag ratio. By decreasing the area of the fore wing, the design could be made stable with less of a forward shift of the center of gravity. The results for an area ratio of 0.4 show that higher lift-todrag ratios can be obtained in the stable region than for wings of equal areas. However, this trend does not continue with reduced fore wing area. As the area of the fore wing deceased, the aspect ratio of the aft wing also decreased as the projected span and total area of the aircraft remained constant. The increased loading on the fore wing and reduced aspect ratio of the aft wing increased the lift dependent drag and degraded the lift-to-drag ratio of the 0.3 area ratio wings compared to the 0.4 area ratio wings. The choice of the best area allocation between wings was highly sensitive to the aerodynamic model used and the chosen stability limits. Small changes in the minimum allowable static margin would lead to different area allocations being preferable. For all designs, the lift-to-drag ratio tended to increase with increased wing separation. However, practical constraints limited this to a maximum value of 2.4 as this separation represented wings attached to the extreme fore and aft points of the reference aircraft fuselage.
The results in Figure 4 were obtained at cruise conditions. The maximum wing loading and lift-to-drag ratio changed significantly at different points in the aircraft's operating envelope as the weight coefficient, C W , of the aircraft increased. Other critical points in the flight envelope should be considered when determining the planform area and taper of the dual-wing system. As the Mach number increased from 0.4 to 0.75, the trends in static margin stayed the same and the magnitude of the static margin decreased by 0.055. The performance at cruise is representative of the performance at other critical points in the flight envelope.
Overall, the data from Figure 4 indicate that a slight reduction in the fore wing area can provide improved stability with modest forward c.g. shifts, allowing the highest lift-to-drag ratio for open dualwing designs. The lower limit on static longitudinal stability prevented dual-wing designs from obtaining the maximum possible lift-to-drag ratio. The following section will investigate the reasons for the instability of such designs and the unusual sensitivity to increased wing separation.
Static longitudinal stability
The results from the parametric study noted some unusual trends in the stability of dual-wing configurations; designs with equal areas on both wings and the center of gravity located midway between their aerodynamic centers were inherently unstable. Increasing the separation between the wings only increased this instability whereas in a conventional design this would promote stability. A simplified analytical model of dual-wing stability is developed in the following section and subsequently, the implications of dual-wing's geometry on stability will be discussed.
Simplified model. A simplified expression for the static margin can be obtained to help illustrate trends in the design of dual-wing aircraft. In order to simplify equation (16) four new assumptions are made. The first assumption is that the downwash of each wing is independent of the downwash of the other. The downwash of both surfaces is still considered but its strength is not dependent on the other surface. The second assumption is that the two wings are unswept so that s from equation (13) was neglected. The wings are also assumed to have no vertical separation. Finally, the following quantities are introduced to simplify the expression
As the area ratio of the wings changed, their respective aspect ratios also differed. Equation (32) shows the effect that this had on the lift curve slope of each wing. This equation is based on the lift curve slope of a subsonic, unswept elliptical wing as found in Phillips 17 rather than on equation (8)
Making these substitutions, yields where the downwash factor for each wing, i is
This equation will be only be used in the subsequent subsection, all other calculations of static
margin in this paper are reverted to the full equations given by equation (16) .
Implications. On inspection, a dual-wing configuration with equal areas and zero c.g. offset would appear to be a good design. However, the results from Figure 4 show that this configuration is inherently unstable. This instability arises from the effect of both wing's downwash. Consider the simplified stability equation (33) with É ¼ 0:5, and ¼ 0. The static margin will only be positive if the downwash factor of the aft wing 2 is greater than that of the fore wing 1 ; however, this will never be the case as the fore wing is subject to an upwash, which increases the lift on the wing while the aft wing is subject to a downwash, which decreases the lift. The variation of the downwash factor, i , for a range of fore and aft horizontal offsets is shown in Figure 5 . For all values of ', the downwash factor for the fore wing is greater than that for the aft wing, so the aircraft is unstable.
There are three approaches to creating a stable aircraft: (i) a forward shift of the c.g. relative to the midpoint of the wings, decreasing , (ii) decreasing the area ratio É so that the fore wing has less influence, and (iii) increasing the lift curve slope ratio,
to make the lift on the aft wing more sensitive to the angle of attack. These approaches are among those identified by Wolkovitch to promote equal loading on the fore and aft wings of joined-wing aircraft. 27 In Lange et al.'s study of box-wing aircraft, the third of these approaches was used to design a stable box-wing aircraft with equal loading on the fore and aft wings. However, the lift curve slope was altered by varying the sweep angles of the fore and aft wing, leading to at least one wing not being swept sufficiently for optimal performance with respect to wave-drag effects. Therefore, this study has focused on how to use the first two approaches to achieve stability.
In a conventional aft-tail aircraft design, the stability of the configuration can be increased by increasing the horizontal tail volume coefficient. If the areas are kept constant, this requires an aft shift in the horizontal tail position. In a dual-wing aircraft, this is not the case. In fact, increasing the effective stabilizer volume can make the aircraft less stable. This behavior, shown in Figure 6 (c), is unexpected and the underlying physical mechanisms will be explained.
Taking the derivative of equation (33) yields the following expression
Since i is a rather involved function of ', the partial derivative of f ð' Þ is not expanded but its behavior can be inferred from Figure 5 . The difference between 2 and 1 is initially very large and negative but this difference decreases to zero with increasing ' as both curves trend to a constant value. This makes the sensitivity a positive value, decreasing towards zero. This behavior is plotted in Figure 6 (a). This behavior physically represents the wings becoming increasingly less influenced by the other's downwash as their separation increases. However, it is critical to note that though the rate of change of f ð' Þ trends towards zero, the value of f ð' Þ does not. This is due to the asymmetric nature of the expression for p , equation (15) , the limits of p as ' goes to positive and negative infinity are very different.
This behavior has a physical analogue. The flow upstream is initially unperturbed but is influenced by the circulation of the wing as it approaches the leading edge. Downstream, the flow is both influenced by the wing's circulation as well as the circulation of the trailing vortices shed from the wing-tip. In this steady inviscid analysis, this causes a constant downwash persisting an infinite distance downstream, even once all effects of the wing's circulation have dissipated. In reality, the downwash caused by the wingtip vortices will decay to zero due to viscous and unsteady effects. However, this decay would be much slower than the rate of decrease of upwash so the behavior of p shown in equation (37) is a reasonable approximation of a real flow.
The physical mechanisms behind the decrease of static margin with increasing separation can be explained in a similar manner. Considering first, the case where É ¼ 0:5. The first term in equation (36) is nonzero and negative for all ', the second term is positive for all ' and tends towards zero. The sensitivity of the neutral point will only be positive if the sum of both terms is greater than zero. For all ', this is not the case, as shown in Figure 6 (a). This is due to the fact that though the slope of f ð' Þ tends to zero with increasing ', the value of f ð' Þ tends towards a finite negative value as a result of the asymmetric downwash distribution which itself has a physical analogue. Though the magnitude of the instability and its sensitivity will be a function of the downwash model used in the analysis, these trends are independent of the downwash model.
There is only one way to make the sensitivity of static margin positive, decreasing the magnitude of f ð' Þ, and this can only be accomplished by decreasing the value of É. Though increasing the c.g. offset can affect the static margin, it has no effect on the sensitivity. Figure 6(b) shows the sensitivity of static margin to wing separation, decreasing the value of É and thus increasing the relative area of the aft wing, which leads to positive sensitivities.
The trends seen of static margin with wing area and separation in Figure 4 are unexpected. On closer analysis however, they are driven by a physical process, namely the asymmetric upstream and downstream downwash distribution of a finite wing.
Conclusions
The preceding analysis considered a dual-wing system with two wings of equal span and equal and opposing quarter-chord sweep. The nominal design of the wing had both wings of equal areas with the center of gravity placed midway between both wings' aerodynamic center. The wing was designed to provide longitudinal stability and control without the use of any other lifting surfaces such as a tail or canard. When considering only open wing designs, it was found that the maximum lift-to-drag ratio could not be obtained by a stable design and that the lift-to-drag ratio increased with increasing longitudinal separation between the two wings. Though removing the wetted area and structural weight of the horizontal tail may be advantageous, the requirement for static stability still imposes an aerodynamic penalty on such dual-wing designs. For both open and closed dual-wing designs, it was noted that stable designs required either a reduction of the fore wing area or a forward shift in the center of gravity. In addition, designs with close to equal wing areas experienced a decrease in longitudinal stability as the two wings were separated longitudinally due to the asymmetric distribution of the downwash fore and aft of the wings. These recommendations consider only the interactions between lift-to-drag ratio and stability; reducing the fore wing area can lead to very high aspect ratio wings, which may introduce significant structural penalties to the design. Though these trends are not sensitive to the aerodynamic model chosen, the magnitude of the margin of stability and lift-to-drag ratio are dependent on the aerodynamic model. Studies using higher fidelity aerodynamic models are needed to determine the optimal area allocation between wings for a stable, high performing, dual-wing design in order to quantify the performance advantages, which dual-wings have over conventional designs. These guidelines, however, will help inform the conceptual design of dual-wing aircraft as well as aid in the interpretation of results obtained with more complex analysis tools.
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